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Uno Po‘l@n%a o 7

MO SOLUZIONI
Esene,;;;o a?+(3”z= 7Q3°L
e X°+ 44 = 2013° ((2013= 3-11- 61)
Mod #1: X’ 448 =0 (moo 1)
ro*col“ (4) =5 ¢ pecds!?

o, (4) | 10

] 4554%131 (u) (Ew(\%tj

43 # - (mod 1) ch}c 48

umeL C.av\&i%,u)m;:o% ouwnmmessa : X" =-\ (“)
(10
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= 5| Y Y = 5e
(oa®) (202 ) - s 2l

Py 6
>> 2013
'
S?/\Mw“, X4y =3 , ma ollora
X%+ 45% = (x+4%) € 243 z< 20n®
').)5
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IMo 2000

Domarda : tusfe n M com esatfamede 2000
Lot pomi divew: ¢ . m | 2™+ 7
Risposto : [sr]
FlZP*‘ = p[3 = p=3
m=3 suspella 3] 2741

(Osseowoziome: 2o abbiame m = m |27+ «
P folfore primo ol 2"41 e m mom
he, ellora n Hispella. mk( 9 P 4
Bodfr dim oo Plznf"l, m | 2" 4

1 +2"F 51 +9" 50 (mod P)

el tc; ( o™ 41 W «Kao"_e/av

M l 9™ | (2”’)‘0+tr

Qo 2741 = (23%5{2;%%) ho. 1 ot
primo #3  (dicomo 13)
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’YL|=3 rnz=‘:5-|§

Qm ol = (QMI)H*‘) (2\1,“)

2n,+|

S ' mon hal

o | 270, quonds quade gole -

o | o vw(orwu_ o My,

=) ‘(”]/'nz, e (1u£,wJZ poste ‘3’1.%»&?)12,
My= PNy
4 Ih,o\Ak%Lome
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ES gszstm 7M£CME " "l—euec Cﬁ\z,
m /r.‘)_,m—!'l/

So'bo}':om@ -~

a, = 9% )

"+
m(Q,Q T4,

A

doviole Oy ma mom O, (%’M 6(4
m - | il ta"a—mo)

Poendo b, = P 3

(4) l),,, 17 Qb'"—H

(2) b'n I izbn+l

+ |
) gb"'w = (23«\ .Sf'm*l = 23‘“"“
? =0, 2o (Pm)
B zzbw*' (=> \/3(22‘%.“\2 N
Uy (1+«/) +v (3_ ")
4 1+ vV, (2+) +Vy (b.)
; ).“4— () = M+
P .l 22!:..,“ +1 | 2+
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"53 (2‘)'“ -\") = ‘\73 (?»H) +Vy (L,..) =m

: )y:) \00100\2/

?"‘\ ¥ 1 l 2® "
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|MO 2003 /6’
Sia P Un Mumow (Himo. Esicfe wn i
q fode e por ogmi M mP,\o #0 (ned q)
Soluzione  Tess : P mem € dum resoluo - esimo
modido q. T porlicolare p (7_|
(af.b«;muﬁ, L yunew oo reridu p- esime
mod g noxedhe 1+ °’"P) =q < T

(ﬂ"‘"l

"~ Fa-“too(am_ P, Sorelobe n Xesoluo P~€€:w~o)

V%‘;_‘ #1 (mod 9)
=) O’d1 (()) X 3\9;‘_
Prova Pm'«io e’ta(‘,l ((:) U prime
Hico. Youlo Eeqc;(e! Lle»w(;w. d: P wod q divide
9-1, me nom leve oliviolore ﬂ(:_'
HOF&: Hotrto o THovera 9 t.c- eh'.o(o{ (P) =P
e 9% mod (@\ P'rj‘:_')
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rPSi mod 9 =) se un Tl q e,
¢ un Dufee o FF_"

O hiomo aun 9 c!icobv:otmﬂ;’ew

PNEY (r?'), Esiste? i

Se nom exsteme, M=l swelbe =4 (p?)
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TEOR(A Del UUHERI 2 - HE’DIUM

LEHHq gla, P Un ‘:)Ao;m,o/ o,(x)e Z/I"Z[x]

Swl’f’”‘f’?‘”” che deg o ¢ p-2. Allora
i q('n) =0 (mod p)

() Beasha gowﬂo pUt T monomw (&U(K)
(3) o=t
S om? so (med P)

L nes -
(3) i nWe = E =
h=0 7 m=1
K >0 ,
dove e N K
An 3%%&0%__'1—/‘— % (%3)
<§=O
-1 4 K P-'_
- ) -
J %“ -1
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(4) Se k=9: um {DV&MWJ.:O(«J yv.ow‘o o

& uno tfade oL 5 o = p-azo

=

(stmvmzivne (‘PO'L XP’( fa Fomma \/OJL = |
‘S:’ PP =0+ 44 - +1 =0 (p)
\‘i:o (P‘I) FLT

Lemma ++ Se C((X) wom he. momoms di

Wc ol;visjbifo. pe P (c wom ostafd
gﬂﬂo"‘& E Ol(m) =0 mod P

Nn=°
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Crevarcey - Warnive
e £1 (X, o) ¥Xm) 50 (mod )

£ (c,,. a) 50 mook )

un  sistema. polinomioks ol Congruuenze .
3wtor,m«mo che 2 dea f < m.
Allora ae e'e uno Sobuzione e m'e
odmene un et
Eseumpie X2 — 332 = 47 2°

Tt controllwe wmod P por P #3 47
Il cw ((al’ﬂ o #3, 47) ole

e, Somo D  vevaablds
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-

=0 (mod \Q)
:Diw\,o{rﬂto;’z—im&

1, % (x,

—

) #o

>5.7 (« pr

Esemrco ) \/waa.‘oi-&, g)-caplo 1
Xi +3X, =5

(X,/ X,y e 50'&(.%;0’”6 )

(E))

-
(X| +2X, ’S)FEO
()( +_9_xzv5)Pv';l (med p)

Se. Somwn. oo QZ Z

4 (%, +2K, - S)P'l>
=0 yx,=0

T2 wumew ok solezion: (el sistoma...)
e —

P-4 g o/«segﬁ-(x,,...,x,,\u
< ¥ (X""")(M)“{i

T (e-8")s

<=

e)ef('m. VnehE
Xm) ¢
uno. 50'&'»2 one

0O Ou\oe\e_ &9[0 un
i ()('/ )
SO‘&L%LOW,
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O th'd,me«t

e oo 0 # soluzions

X, <t gold
offen: oumo ZZ {1,’&(,&) r
Xy x‘l

TFissioumo \o=7. -—%16 , |
T (g\ X, (2%,)

ol
b
)(,gl X, =
)(290 X,=9

P-! -

=2 )(zb( X19L>
YZ‘SD X|=D
{J-'(

=2 X°.0 =0 mod p
. =0

¢ P o anpo, bupor ! Godund
o, pondd o liimeds ooy (x, 426, -5)
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> 2(p-Y ASS URDO
Sv\'wrar;ome(o

; :Z TT (i- f‘—(x,/__,/)(n)(’“)

« e
possiame Trovere un fowmne x, ooy, "

o~ Tudl; g & 50 ¢ so (p-0 7
No, pecchi alfiimeds 37 (cleg £1)(p-1)
> (p-) -, asswdo pox ipster. g

Gocllsco Se gle i (x, oo, X)) s0mo
omoaensi (0 senza Tomine noto)  alloxa e

Qemo olmeno (V"‘) soluz. nom bowal
(—l—\ botmale, Caae. < (0,0 -../o))

Eserciziobor 0grw (PHamo o asle K<pP e
X,Y 2 fol. e Xa+3a+£2: kp

Soluziome com Cw I polinomio X'yy*+2?
¢ omogenco, im 3 vadabil:, ok 9ado 9
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Qu;mt. b Compuiensa >(2'+'j’-l—~zz so (p)
how  wna ‘z':o*&:.%. wom ovmady

gw;gﬂ«wzww o.éx,«j,zz 2 P%’/' ellorca.
Krg 2t <3( )= (3p) P

Mo ~ 2008 (si)
r fn.{,vwo. A ¢ wn (usieme oo intec
r.wsIC:vZ, CI, el 7[’3-! S omo Pmm
* O?M oo im A »m Souve Come Vwoolo’(o
des e oleto wmealio : tudl ¢ o ar
qu‘fm( v %) eﬂL M -
*Ocrm. Mﬂoo&b@menlz_atﬁlmc“
Ao roo'reﬂ\% \D-e‘élww., Pmsle,'«'a_
Qual ¢ b wassimo | Al?

Elemenﬂ oLC A = velot ol ‘M%LLQZZQ,
CP-—I)

(el/ “--y eP—l)

P’-“-.z “M)*ﬂ-uma}.fjlm%to&ﬁ\w
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Y elet «LQ P:u‘ A Mom:
dev' emere o(dzspwa/ e Se
ce ne Somo 2 L \oJu:o[D'd'o
¢ un quowral®

3
P.:'S ) 2/ 3/ 6 =2°3/ 2-3
qi qil+ P q' l+2 P T (P-')

Tp- Tp-1 (p-)
Totede ((o-')z
T%Taj'lvot Ae Somo S ((J-—sz?
(C',,l""/ e}P"‘ )
(e /. ' Somo K
By ooy e’/P") el ero C(»-'BZ-H

@-co Oy, ..., O € {0, l§ in  moolo

OQ{' Z a«& (e*‘:/i / ""/. e;., P-'I)
abbio Yulle le coond. =0 (p)
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0 ai eii + oﬂ’ﬁzl L W,o(P)
,,< Qi 1,2 + qZ 62/9_4”---'-&“ eKIZEJ (P’

L [}

Numew o Imcoa(n;f‘e vk

equaiow. = P-I
Grodo totole - qo-—l\z

| h

Se WS (P-'\Z, P Ccome let Z& @(uz—tom
horale (0,0, ..., 0) c e onche

Mno- nom lonall _ ngt'l’m/oumsofroms
QLA {-Qp'(bobﬂbo‘(&w eomel; < wnea

\goi'wo» p-esime, HALE.
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‘Rl-roreruo Sv léz = X3 + "z

A&sz—io'ne: qu‘hx hov gobiczioms modl
PP o e p-
(x/'ﬂ) ¢t soluzione wod P =
1- (’é x? - P = 4 med r;
#H soluzion. mod P = Z Z [i- ('J )FJ

g ¢ .
ZT 8 () g o

4
=-7 2 () e 32%“

IV\ Jte,a,Na\ O(moO\z, «g:: P«l Wimwmea. 6. 2o
\ovu)-e: elet Z

X

M
L [— oL W N - 2
= -2 () @ (o ?)w
Py D )T (B
+ ; ( &_) X (KJ

2 K=0

ul
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- (&) 2 (F)en™™ 2 e

‘35((3) P ’ F_ )
J - T\ ooy e
= ( p_;_) ( ;,_;;_,> (-7 (-1)

FE 0 e ‘37‘ 7
E 3)& altse ? ‘32 = xs«r'? moolelo p=2
O YMeHo ¢ un sesiduo  wbico

(#’(eﬁwo(-u.o whic =4 ¥ (—‘% ':(;

e b swolice whica € wmico

Y = 3\f gz—'é?' (wodl p),
Glu;.wol: e soluzion. Somo eeolftumente P
[p=239 o maw]
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SO'KU-ZZO’V\;» moo‘u.ao ram' ( stfﬁ CJQA. too(%)

P#Q,?y'?-o Sto X, Y4 una soluziome
mo&zﬂor,.

(5+b6p)*- (xrap)’- 7 50 (p
Vorve, fovere 0,6 Tn wmodo che

(314. 255‘0 — ( 3

2 v = 2
Y X +3x-9u‘>§j =o ()
?
Kp +P(3_E'3, - 3ax?) =o )
9
K <+ 3.(:3, ~30x% o (P)

Duesto. ko una sofuz. (o,b) o wmeno che

su = ol ¢ -3x*=z=o (p

f—i’% Xso=y (p)/' sosTituends  ofemiomo

©=zo+'Z "MJP
oo por \Di‘?
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Se

C

(x,y) et goduz ool ra”'/ e $o

cosire wma wod 6™ ool foruma.

X + g(_.r.”'/ 34— l0°r0m
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PE' LL Pew. ) Pecc (Le é6 L_)
F(ssiow»w Ql>o e w*-baﬁamuo ol:  sisoly ere

xa-d%"zi

Teoria dei Numeri 2 (Medium) — Davide Lombardo




208

Stage Senior 2014 — Livello Medium

Clovm Se Ol, F 0 & Sonwo Tmﬁm'fe. oluz.
- 9(,31 = (x+ 3)(X—\Q-g)

)]

N()H—ﬂg) x°- olgz
N ( (el y) (we@2) =
—u(x+\f_3 )N (w+(d 2)
,/'Pe@@\\;‘ N(x-u(‘%
Por Thovore uma, sofuz,come olells.
Pell (= ura cosa i motuma 1)
weehiouno olue core com o sfessa moruma.
e gacdamo A roppedo
x+@y _ (x+Wy)(z-{d w)

z 4+ {d w 22_ o \w?
_ (2 —dwy) 1+ [T (42 — xw)
N (2 + 0L w)

Sur)'oo'mam,o o avere ><+J'g 24-\!— w  Cow

lo. stemor moruma N
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G sewe N | (xz-dwy)
N[ 4yz- xw

I = Wiz & 1?(

"\ wod N
&

7

w1l

XZ-— 0(82 =0 (Id) Vi

r})bao“d': re of e bucazomaly, J fufout:
. [ |0(—f°/<1]<‘%fz
Arrﬁ-d\;m& ad of = (o

(x - Wy )l(x+JZ( 5)) yy

tede a 0 Tewdle o oo

x-@y xo ¢ /g v d
Diiehler = enstono wfinils Pl t.c
|- Pl | <
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INCp+@q)= (el q) (P~ )]

< ”/qzq |p+{ q]
il |% v (| 52Q+%{2
s 2ld +1
Yo (\)z%eonlmle, Hovo In\&n}f(—e coppie (p.9)
Y.c. N( ‘o.»\(;? 9) = N, por elmeno un
N e -2yl -1 ¢ 20l ¥/ .
Tre quati, 3 (e, q,) ¢ (£, %) co~
F'sa e 9. 59, (mod N) @ L foeo
xeppode ¢ oo el ho. nomma 4.
(Pt)+ (%) PLa,p, 1,50
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Se 2 ¢ wme 3oluziome 74, olloro
&+ﬂy
N(2™) = v(E)" = 4

¢ qundi 27 ¢ une Sofuziome .

Lo sTento volb U (-27) - IM

N(-2") = N(-) N(27) = N(-1 +o(d)
=4
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SO‘&AQ ome CFomJ owm cvfl'Ou‘ e :F

Bl miniwo 2 514 Tl K N(2) =14
4 X-JJ& _ X—ﬁ%
)<-\—Qg X_(jg' 1

Ho‘ae (ruﬂ'e '(L So(u.z—:owc gomno dello. go*‘wwo‘._

-.I:—gm, dove M € un wlow (mom

-—
—

<
¢

mecesSart.omete \oositcvo\
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N(z-477) =1
————
asbld, ae Z be T
le b = 2|27 < 4
L

Vo definiz. 22, {, 2.4 =14 = 2=§ng
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x*-3yt= o
Gchiono  (xy) pi piccts possibile.
%zo = X =41 NoO
y=1 = x=22  £=23+F
[ ¢ goluziome : f%= 443343
(x,4) = (F 4)
Tulte le sofuzioni somo deba forume

+ (2+G)"
OWero o= (2 + (zi)m+(2-\f§)'L
2
4o (2 )™= (-5)"
CXEY
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TMVOO‘Q. ‘601, &yy\,ol,q,wn evd—oJ e

X~ 742 =4

2

307 <7
2 3 _5_ E.< ?(é—
7 %3 2 2 1
Sol3. B R
2 1 5
a C eL +C
— B — - FARE
b d b+d ( Y)

Az»d‘ Srfo{m, 4<\f;(<i,c<m
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Se ('W'-lﬂg— 3 =m,1/ ollorear
an - <" wn qua.d/«cq:f"o
3m’ +3m 4| = nt
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3 (2m»|-|).9~ +1= Gn)”
(im/ 3.|m+l) e wno soluz. ok XZ«SJZ;(
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2
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2
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Pel generalizaate
(%) Klfeﬁng:fm =) N()(-I-(Jg):m
E comungue imporfonde  stidlcone xz—oﬁfm-
S £ o fordamentole.
(1) Se 2 € une soluziome ok (#), ellora
+2- 4" some fulle soluzioms
N(2-4") =NGE)NH)" = m

AN 1

(2 2= x+@y > [ Xy mod m

Esisfono ol piw (p(Iml) Soduzions
2, ..., (ke <€(lm:))
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+2, - 4"

Se m=-] & X9 clet Q,Q Eiu‘ Linde

;,Poumlga&q_ ol Soluziom..
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(P*(b‘olemz Come olecolo se )(z— 82 432 = 2
Lw« O Wwepno soluz-lo%;?

?LQWJIM@ wny’ 2 t.c. N(Z) = m
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Cqso concreTo x?_ 8222 =2
XZ - 8232 = |
N( 8+ g2) = (34 Vez) (3-Vez)
= ¥l-gy =-1

- N((3+@)) = +1

Iy

N (8!+8.‘)_+ lx\rg;) = N<163+|? rgg_-)
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ge clet wne SoluZ.l

. 4
X 2@\[_.?7
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(o w2
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)
X = + 47 (41)

Ao Toke ¥ mom esstel
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[Aside  Se P=3(4) e (g_)z,q, ellora
L radie quaolnafe ol: otj mool > Some
o(e-i’e olo_ + ()(.-P—‘r-L

+I2 &l’_l _P_—! -/
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Sia ae N e d=o’-(. Se xy somo
Fod; fe m= x2- ng e (iu velor
assolub) < 2042 ellowa |m| e
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3 Inm| 7 W
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3" -9 € Un quadrelo &) m=I, 3
Hoo( 4, =) m ¢ oLs‘)ouu

2 2
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(1+3)° = (£ +33) + (3 <3+3)
= (10 +613)
(10+6G) = g (5+303) = ..
Al fne, Xq= 317, quind X, nom <

no- }ooqu;a ok 3
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